Sy It e Gloup  Theory Macch 11, 2024

Ma{'hemaﬁcic«nsi i (group 'H'leof‘g— W the s%uJ‘j_ of aljebrqit shructures
Khown  at  groups !

G(ouf’ Axioms

A group % a tuple C(?) of o set f binary  operation sq{isfrd'mg‘;
(O

Pai(
1) Closure © Va,be G, abe 6
2) fssodalivilg . Y o, b,c € 6, a-(b-t) = (ab).c

3) Tdentity - e e 6 st Yaeb, q.-e - eaq:zqa

YY) Tovese | Noe (6,3 beb st adb:=ba :e

)

Bonus © '4/6’ Yo, b €6, ab = b-a 4he group 25 cafled Abelian” else N Now - Bbelian

Ex 1\ CZ ) +} set of '\Megers under qddition Z:= é'w‘ll -1, 0, I,Z,...}

1) atb=c, ce 2 , Ya,b ez

Z)a-\-(_\,'\'C):(a-H,)fc Na,b,c €2

CZ,4) i a group
A 45 olso Pbelian

3) 0ta = ato NYae?

4 at(e) = (-a)+a = p VYa,-a ez

Ex. 7 (2, -) et of ntegers  under  Subkraction
) a-b:c, cez , ¥Ya,b 62

1y a- CL-0) - @-t)-¢ NYabc ez Not a 9foup !
3-(2-1) =2 (3-2) -1 =po Trj (2, Xx) Wheqes under wmult.
v N

3- | |



Numbers.

LC*‘S tonsder  the permmi‘uﬁon 0% +heee

- Ch1,3) (nh?) (3,21)
PC3) 1 3V — okl Per mutations
(2,1,3) Ly (43,))

Le*ls @ds\gn Jabely {o  fhese pefmuia'l-ions'.

XY 2
e < Ql;) et x,y, 2 be
1
‘ the “lebels"  and
x 9 2

tutn  ved 4 an

d - (l 2 3) ¢ r 2 3 tlement  doesn'}
31 2 1 |

3 mateh  its  nitial
2 x Y Y z x PoﬁHiOV\
d Q 3 ) b= (v 2 3 ) .- I 2 3
(31 3 L | 2 V3

z 9 x Y X z

x Y
Now, bt {%} 24 the “basiﬁ;’ hou would You constract

a walrix

1
eeresent each  permutation

e . M(.e)[;j] = [;3'] — WMe) = IL?:] the entity vep
00|

straightforward

. \ R 1 - O | ©
d’ M(.d)[gl z I?lﬁ M(d) = X’O ol ] M(d)= Cg = 120°  Lounterclock
I o o

eovd 3]s - M‘“:[T o ;] MEY = 1) = e o
61 O
we [] [ s 130

(Y



b MLHUI; [’] — MCb) - [Z TJ]
I 0o 0O

Mow abouy  Yhe Symmetry  opewations 66  an equijafem Yriangle ©

Symmedry . & dranstormadion et @
Preserves distanes and  the

obgect

6 Yolal as wenl !

« E
o L -{old tofation C(miror Plane) abost a,b,C

3- fold totation qooud  verfical oxis out of Page by tn RACFSEE S}
37003 2
. \ |
E " 32 T2 31 dentity
\ - z ; — 3
D: 31— 13 [ R A
¥z Countt( clock Y¥y = covnterclock of 0 clock
3
. 1 \ g - ' 3 C - Vo4
Al v =, T3 T 2 o3t !
(eflection about (election about (eflection  about
a b ¢

Vote. A%, (D, E,F vepresent g sym. op. / permulation and a Lnal  condifion

t D 1 o, 3 . ¢
Ex. D 32> 13 7 2|



Muk. Taple of  PL3)

E A B¢ D F
From RPP\icahnws of E|E A B (@ Dz F
Group Theay to he AR E b F b ¢
Physics of Sokids B:j p| 9o F E D C A
Dressel haus why  has c|c D F E A B
e operotivns  defined | D ¢ A B F E
difterently, but he FILF B C A E D
Wlationships hold true
" Tabke defued  sf. DA:C "fae defined 4. AD =8

We've shoun the equilateral  triangle's  Sym. ops. omd the  permutation of dhee #5 have o
one - fo-one  torespondence W/ each other (they arte Womorphic ), and  both form groups

For symmetry oOperations of something amf,k,« \ike «a rystal it -}ou,;. Yo  Visualize Tepeaied

Sym. ops. but JetS suppoce the sym Ops. e  Clemens of a Jroup.

I we con Yelafe  cach  Clement W/ o wohix thet obeyc the mui. table
o Yhe  came way re €lement Obej ,JQ

Le. DA=C — M(D) M(A) = M)

i.e. AD =8 — MC(A) M(D) = M(B)

then we  can oy ot Al Sym. OPs.  arthmetialhy Via  wadax .

Reptesentation : one-to- one  idemilication of o generalized sym. op. W/ a matix



]
co, Vi) Dfigin ak  fhe

fored point  under

Lek  the leng} h of
cach 4ide equal .

v A _L
G5 ??rs) Yoan )
-~ >
m«hix Y‘P [ bm'\s A/b i X, j Z
| .
E: (o) 3. &% D F
LB
D= ol £1;.- > F = Z z
- X 1 Vi ]
1-&ld . A, B,c -2l > .
A- (-I o
o 1)
L%
B: 40 - r 2
SE
¢ : These Mairices {E R, B¢, D FJ
Constitute  a  matrix 1Epresentation of
C= AF . ';_ i;‘_ the 9foup Yhat i isomorphic o
&5 , PG and e sym. ops. of an  Cquilute| Hiangle
2



Lets fefum the X3 wnadpees we  constuded  fo

the ?crmu%ahon of  three numbers P(3)

Yepresent

gM(e), M), Mb), Meo, My, M §

We  can wse similarity  Jransformations  to plodue irreduciole

vepresentedions [
which 16 the S’rew'mj Stne we ypeed To Ceate o “(haracder table”

Genetal form  of  simifacity  tfens formation

, 4
A - PAY?

Where A, A, WUl simor wahies , P dﬂmge of  basis  malsix

¥ omilaf yalries Yepreseat Yhe same \neas wap  under  (possibly)  Aiffelent  bases K

Phiwsed  another way, SimiJar wiardrices foughly do  Yhe samc Yheg n A Coord: systews.

1
Th idea 1% \ASE‘F&AI Lnte  wet  Con find 1% ,P bl dl’qgonqlitg matices

whett  Ahee one Squste  twadries  afeny  the diagonal ond O evegwher else
No\e- ﬂ)\

obeys same  mult. properties as A, same T B ob: EiF

4;5 A camot be  Suntrer

bloc d;°300a|i-zed, ,(-)t'S talled an " ifreducible fepfcsen‘h’ﬁon"



-\ums out |

I

\I\|u

-1 -2 A8
e fle o

o L .
S

for  Yhe

Tight

o - .Wa

N -l e o

) ) B

o A LB L 1
[ —

g

N W\

o

Yove F!

wet

we (ecovered D
{from Mcd)

P M)

)
)
S Y
y
X )
) -
o, -In ]
, \
(\uiu(lll
— )y D o
1

|

'
I\
!

lD

-d e o <o

10 0
0_
0

|
|

s\

—~

-

V)

v oo o

5

AR
2

o, -In ¥

\
\
1
'
|
|
'
|

|
0
0

P me)P



Baat Defividions : h= ofdec

l

© 0det of Glowp = # of elemenp im G 9. oder of P hxé

@ subgroup = g colleckm of elements um & Yhat
fom  a growp themselves

ey, o P3) . fE3, Te,0,F3, LEAT {e83, fe 3

n
@ odel of gqn element = smallest value of n n the relapon X = E
! . t 2 1 . LA
eg. . E:-E ;, A =8:=Ct , D=F -E

| 2

@ Coiosion § o
an clemen} B Lonjujo&e R is defired L,?

B =x Ax whot X € G

tan  Say B e simiJarify- Hransom  of by x

eg. P, ABA - ABA) = AF=0C " B conjugale o
(BC' < (CBL) = (D = .. B (oningak 4o A
DBD = D(BF) = DA:C Co B coniugak 3
FRF = F(BD) = FC=a .o B only conj. 4o A ¢

iH,B, CZ al  coni. o each  ofher

Class 35 +he '\'D+n)i+a. of elem. which wn be obhined  fom

a  gven  goup  ehmet by coniugation



AFA = ACFR) - AB = D 8FB = B(FY: BC: D

CF(' s C(FC):= ¢¢p - D DFD_| = D(FF) = oF: pl: F
Thee  oovions  classes g (ES, LA 8,¢3 §0.F1
- ?(090(‘“85 of o ("Ml-)“ﬂqk‘-
O 4 & wni. w B:
Pt " A= X Bx = YAX - x(X'Bx)x =8
and B = Y AY which works pfc b‘.’ de{-, Wivetses e T

@ Wb ondvgate Wl B fC fom B ,5( W @ni b oeah ol

Pivof " for the reader

Chatadejs 0 Condugale  qahices !
otk b T
X(R) = %q;};} = Tecen) | )
Uehavios  of X
@ A L= R ‘ D=8 — XCc) = X))

Pt © X(e) = £¢45 ° f;‘; AP TS



@ (,anjuaqk Matrices  hawve  denbiol  Chavacters
leb C: X AX

Koz X ('myx) = X (x"m) = X(R)

XCE) =2 x(ih8C3):= 0 X CED.F3) = =)

(hayacter Table: 2D charp  of . veps. 6 each "poin+ group” W/ their  chatacker
- desuibes Vow a  basis 'h“M‘FOVMS for  4he given  Sym. ops.

Cay | E 103 3 0w H ¢|asses equal to
dafhy VP, —> 7 I | i # e Yepresentutions
whith  doesn 't change ' A~
10 representutn —> [, 2 - o
SN we  use
Ix1  wat,
XCE)=2 KCTABCY) - X(iD,F3)= 0O
# 7 F3
Ts ouf able done L Vo, t
Ti
Gyl E |16 | 3r for our gowp, he; gisox (e
] ) \ )
P(; h: 214',1 :|1+21+‘ 26
r, ! < NV ik
R | R
2z all i repg

Li = dimensionality. of T

Te =1
Tr(L)=2



]

How caqn  we figurt owt  the  charackr of Gy and 0y
] n
1ot by (ot. by
X' TS
El

Use the Qb\)ow'mj whith  can be proven fom the  Wepderfu| | Theorem:

(M
@ 2. Ne X )(ﬂ)=0
R

a8 satisfied Hor g L\T. reps.  €xcepy the iden‘\'i'}j rep, !

Nole . 2. denofes o sum over classes (ie. E, (g z0v, ¢s )
|2

)
Considering 1 7 1+ (1) 4 2-() 4 3b : D

An essy  solution |

az | \

b Z — f« 0+ 2-CY) 4 $: C1) = O
Cay £ 20~ do

I \ | )




Dg of C;\J Fo‘n*— 3‘0“9-

E: (o] A= (s 9)
C:Q%\!% D:(ﬁ.%)
T S

ri

B:(LL"\/;/Z
V3 i
T T
F:E‘z "—j«)

2%6?) xee) =h &y
R
Lelabon b/} {educible EI weducible vep
rl.
r ?
xepy = L% KM
)
1T
sum over
W veps,
way o Hnd aj :
P r I r,
Z k) X = % Goa; k@) xw
Bz
2
| n
= ha; ai: L 4 x 'ty X
h R
ri
a;x " ce)
D} E 2(3 3(, FR_CF-) %
\ ) 1
\‘:‘, \ \ iy Be T0oaps ¢ f1us) v 20020+ 3 00 C-U)Z =)
r1 1 ’l o
E*-J—) YIIL 5 2 | For Pl': arnl' = % ﬁ(_IS) +2Ck2) + 3(-].[_]_\)3 =2
find ay
+umsT out ® For o er, :t i‘ (25) + 1C12) & 3(.°'G|))g =)
OJ h d— i 5 )
P orbgh sp Te = T+ 2P+,



Gfoup '“\eorj N Ceyptogrephy
Fu’ndammh\l\/_/ (Ifjpkojmlohj 15 aboul Y oseoet \Nﬁ*\'ina )

whert 4here e dwo steps
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for  someove 4o obfwn tne  Shared vey




The abeie procedate 46 yeokd o 7 dhe Discreke loguvithm Ploblem ”

DLP. let G ke o cylic goup ard 9EG  a gentialor.  Given

n

he (JI find ap nteger n o s.f, 9 =h.

)y A Approprisfely chosen and lage enough, The OLP 45 comideed infeusible which
s whj HUGE prime Mumbers arie  chosen



