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Transition State Theory (TST)

Background:
• Developed to explain chemical reaction rates  
• Assumes particles behave classically

Examples:
• Nuclear reactions
• R-H functionalization rxns in catalysis
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aA + bB à cC

𝑟𝑎𝑡𝑒 = 𝒌 𝐴 ! + 𝐵 "

Arbitrary Elementary Rxn.

Phys. Chem. Chem. Phys., 
2021, 23, 7758-7767



Quantum Effusion 
Overview:
• Use modified 2D Particle-in-a-Box (P.I.B.) to model effusion à find 

exact thermal rate constants
Goal:
• Compare exact results to validate ring polymer molecular dynamics 

(RPMD) resultsà Quantum Transition State Theory (QTST)
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The System
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Sigurðarson, A.E. Calculation of the Quantum Mechanical 
Effusion Rate out of a 2D Box. BSc. Dissertation, School of 
Engineering and Natural Sciences University of Iceland, 
2021.



The System
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The System
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Walls à ψ = 0
Inside the Box à ψ ≠ 0



Methods

• Construct Hamiltonian Matrix
• Solve Time-Independent Schrödinger Equation (!𝐻ψ =Eψ)  at each 

point in the box
• Return eigenvalues and eigenvectors 
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P.I.B.in ℝ1
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Inc. # of Points

Inc. # of Points



P.I.B.in ℝ2
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Grid Spacing Issue
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𝑑𝑥, 𝑑𝑦 =
(𝐿#&%−𝐿#'()
𝑛𝑥, 𝑛𝑦 ± 1



Grid Spacing Issue
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𝑑𝑥, 𝑑𝑦 =
(𝐿#&%−𝐿#'()
𝑛𝑥, 𝑛𝑦 ± 1

≅



Increasing Points on Spacing Issue in ℝ1

𝜓5 𝑥 	𝑤ℎ𝑒𝑟𝑒	𝑛𝑥 = 60 𝜓5 𝑥 	𝑤ℎ𝑒𝑟𝑒	𝑛𝑥 = 600
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Future Avenues
• Consider alternative population of Hamiltonian
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Apply weights



Future Avenues
• Wavepacket Diffraction
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“Experiment” in Stat Mech
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Molecular Dynamics Schematic
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𝒕 = 𝟎:	𝑟(, 𝑣⃗( 𝑷𝒐𝒕𝒆𝒏𝒕𝒊𝒂𝒍: 𝐹 = −∇𝑉(𝑟)

𝑭 = 𝒎𝒂

𝐒𝐩𝐞𝐜𝐢𝐟𝐲	𝚫𝒕

𝒕 + 𝚫𝐭:	𝑟(, 𝑣⃗(
Example Potential (GEM-n)
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Cluster Crystals
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Stiakakis, E., Jung, N., Adžić, N. et al.
Nat Commun 12, 7167 (2021). 

Experimental Results
• Confirmed by experiment to 

exist
• Self-assembling structure
• Dendrimers can be used to 

improve efficiency of drug 
molecules among other features



Cluster Crystals
Coarse-Graining à model particles as a sphere
• Main consideration is the physics

18Stiakakis, E., Jung, N., Adžić, N. et al.
Nat Commun 12, 7167 (2021). 



GEM-n 
Explore interactive potential defined by:
 

 

• Only repulsive interactions
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𝑛 ≤ 2:𝑁𝑜	𝐶𝑟𝑦𝑠𝑡𝑎𝑙𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑛 > 2: 	𝐶𝑟𝑦𝑠𝑡𝑎𝑙𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛

𝜙%& 𝑟 = 𝜀%&𝑒
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GEM-n Overview
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2 GEM-4 Single Particle Type
• Compare to Collaborator’s thesis

Mladek, B.M. Exotic phenomena in the phase 
behaviour of soft matter systems. Ph.D. Dissertation, 
Vienna University of Technology, 2007.

𝜙$,$ 𝑟 = 𝜀$,$𝑒
# &
'','
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3 Dimer System
• Novel

𝜙$,$ 𝑟 = 𝜀$,$𝑒
# &
'','
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1 GEM-2, GEM-4 Two Particle Types
• Compare to published results

S. D. Overduin and C. N. Likos 2009 EPL 85 26003.
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* {N, V, T} Ensemble 
for All *



DFT/MD GEM-2,GEM-4 Comparison: !!"
#
= 1.0
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𝜙_,_ 𝑟 = 𝜀𝑒`
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	b
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𝜙_,c 𝑟 = 𝜀𝑒`
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MC/MD GEM-4 Comparison: !!"
#
= 1.1
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GEM
-4 Clustering

𝜙$,$ 𝑟 = 𝜀𝑒#
&
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Coexistence Recreation: g$hi = 0.2
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Original Recreation



Coexistence Recreation: g$hi = 0.5

24Originals Recreations



Dimers
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𝜙+,+ 𝑟 = 𝜀+,+𝑒
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GEM-2:

GEM-2,4:

GEM-4:



Dimer vs. GEM-4
Test Dimer system where 𝞮2,2 and 𝞮2,4 = 0;  𝒌𝑩𝑻

𝜺
= 𝟎. 𝟓
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Dimer vs. GEM-4
Test Dimer system where 𝞮2,2 and 𝞮2,4 = 0 ;  𝒌𝑩𝑻

𝜺
= 𝟎. 𝟓
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Future Avenues

Dimer system where 𝞮2,2 and 𝞮2,4 ≠ 0
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Thank You!
Any Questions?
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Tunneling and Zero Point Energy
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Tunneling:

Zero Point Energy:

𝐸( =
ℏ"𝜋"

8𝑚𝑙" 	→ ΔxΔ𝑝 ≈ ℏ	 → Δ𝑥	~	𝑙	 → Δ𝑝	~
ℏ
𝑙 	→ 𝐸#'( =

Δ𝑝"

2𝑚 ≠ 0



RPMD
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RPMD
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Chandler, D. Wolynes, P.G. 
J. Chem. Phys. 74, 4078–4095 (1981)



Correlation Functions

• Describes a statistical relationship between quantities 
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Kinetics with Correlation Functions

Flux: Number of particles per unit time through a point, x = s
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Radial Distribution Function, g(r)
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Likos Phase Diagram
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Langevin Dynamics

Langevin thermostat maintains temperature by modifying Newton’s 
Eqns. of motion
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Common Tangent Construction
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𝑃) = 𝑃" → 	𝑃 = −
𝜕𝐹
𝜕𝑉 	→ 𝐸𝑞𝑢𝑎𝑙	𝑆𝑙𝑜𝑝𝑒𝑠

𝜇) = 𝜇" → 	𝐸𝑞𝑢𝑎𝑙	𝐼𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝜇 =
𝐹
𝑁 +

𝑃𝑉
𝑁



Coexistence

Determine coexistence by the following:

0 = 	𝜇1 =
2(4()67(4() − 4(4()8

8(
 

𝜇c is the work necessary to introduce a new lattice site

• All other quantities are constrained by 𝜇c	leading to the expression 
above (Note: {N, V, T} Ensemble)

Methods of Acquisition:
• Density Functional Theory (DFT)à F(𝜇c)
• Widom Insertion à𝜇(𝜇c)
• LAMMPS logfile à P(𝜇c)
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Mladek Phase Diagram
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